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ABSTRACT 
A method of analyzing flow through a turbomachine i s  summarized which i s  
r l  su i t ab le  f o r  computer programming. The method, which has been reported i n  NASA 
d 
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publicat ions,  i s  based on an equation for  t h e  ve loc i ty  gradient  along an a r b i -  
t r a r y  quasi-orthogonal r a the r  than t h e  normal t o  t h e  streamline as used i n  
previous methods. A quasi-orthogonal is defined t o  be any curve that i n t e r s e c t s  
every streamline between the  flow boundaries exac t ly  once, as does an orthogonal 
t o  t h e  streamlines.  With t h i s  method a streamline ana lys i s  can be made on any 
given stream surface.  A quasi-three-dimensional so lu t ion  can be obtained by 
using t h e  method f o r  a hub-to-shroud analysis ,  followed by blade-to-blade 
analyses at hub, mean, and shroud. A s  an example, t he  method w a s  applied t o  a 
radial inflow turb ine  w i t h  s p l i t t e r  blades. The complete quasi-three-dimensional 
SOYutioii was o’uiained i n  a s ingle  computer run. QA-d-&&- 
INTRODUCTION 
Quasi-three-dimensional methods have been developed and used f o r  analyzing 
flow through 
i s  t o  obta in  
_. 
t h e  blades. 
c 
mixed-flow turbomachines [1 t o  41. 
a two-dimensional solut ion on an assumed mean stream surface between 
The f i rs t  s t ep  i n  these methods 
- - _  - 
This two-dimensional solut ion i s  based on an equation f o r  the  
ve loc i ty  gradient  along the  normal t o  the pro jec t ion  of t he  streamlines on a 
plane containing the  a x i s  of ro t a t ion .  T h i s  plane i s  ca l l ed  t h e  meridional plane, 
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and t h e  project ions of t h e  streamlines a re  ca l l ed  meridional streamlines.  
The streamlines and t h e i r  normals a r e  used t o  e s t a b l i s h  a g r id  f o r  a meridional- 
plane so lu t ion .  
and the re  i s  a large change i n  flow d i r ec t ion  within the  r o t o r ,  the  normals 
vary considerably i n  length and d i r ec t ion  during the  course of t h e  calculat ions.  
Therefore, it becomes d i f f i c u l t  t o  obtain a d i r e c t  so lu t ion  on t h e  cumputer with- 
out r e so r t ing  t o  intermediate graphical s teps .  
I n  cases where t h e  dis tance between hub and shroud i s  great 
The use of normals i s  not e s s e n t i a l  t o  t h e  method, and it appeared pos- 
s i b l e  t o  obtain a d i r e c t  so lu t ion  by the  use of a s e t  of a r b i t r a r y  curves from 
hub t o  shroud instead of streamline normals. These a r b i t r a r y  curves w i l l  be 
here inaf te r  termed quasi-orthogonals. The quasi-orthogonals are not necessar i ly  
orthogonal t o  each streamline but merely i n t e r s e c t  every streamline once across  
the  width of the passage. The quasi-orthogonals remain f ixed  regard less  of any 
change of  streamlines. 
a computer program t h a t  would ca lcu la te  a streamline so lu t ion  i n  t h e  meridional 
plane without any intermediate graphical  procedures even f o r  turbomachines with 
wide passages and a change i n  d i r ec t ion  from.sadia1 t o  a x i a l  within t h e  r o t o r  
blade.  
By using t h i s  technique, it appeared possible  t o  develop 
From t h e  meridional so lu t ion  it i s  poss ib le  t o  obta in  blade surface veloc- 
i t i e s  by severalmethods.  
based on t h e  assumption of l i n e a r  ve loc i ty  v a r i a t i o n  between blades and absolute  
i r r o t a t i o n a l  f l o w  151. 
i n l e t  or ou t l e t .  
may be solved by r e l axa t ion  methods [61, which gives good so lu t ions ,  but i n -  
volve a rather tedious procedure, even with t h e  use of a computer. It w a s  r ea l i zed  
One method i s  by means of a simple approximate formula 
._ 
This gives good r e s u l t s  within t h e  r o t o r  away from t h e  
Another method i s  t h e  use of p o t e n t i a l  f low equations which 
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t h a t  t h e  basic  idea used t o  obtain a meridional solut ion using quasi-orthogonals 
could be applied t o  obtain a blade-to-blade solution. 
orthogonals run from blade-to-blade on a stream surface determined by t h e  
meridional solut ion.  
good so lu t ion  throughout t h e  r o t o r  w a s  obtained with a reasonable e f f o r t .  
In  t h i s  case, t h e  quasi- 
By extending t h e  solut ion upstream and downstream, a 
This paper summarizes a quasi-three-dimension&l analysis method based on 
using quasi-orthogonals t o  obtain both the meridional and t h e  blade-to-blade 
solut ion.  Complete d e t a i l s  a r e  given i n  [ 7  and 81. The numerical procedure 
required f o r  obtaining solut ions using a d i g i t a l  computer a r e  outlined. 
numerical example of t h e  appl ica t ion  of t h e  analysis  method, a high s p e c i f i c  
speed r a d i a l - i n l e t  mixed-flow gas turbine with s p l i t t e r  blades i s  analyzed. 
A s  a 
NOMENCLATLTRF: 
a parameter, Eq. (11) 
b parameter, Eq. (11.) 
C parameter, Eq. (11) 
s p e c i f i c  heat a t  constant pressure , f t  -lb/slug-OR 
acce lera t ion  due t o  gravi ty ,  f t /sec2 
P C 
g 
h s t a t i c  enthalpy, ft - ib j s iug  
m dis tance along meridional streamline, f t  
N number of blades 
An dis tance between two stream surfaces 
P absolute s t a t i c  pressure,  lb/ft 
Ap It 
9 dis tance along an a r b i t r a r y  three dimensional curve, f t  
ql,qo 
2 
l o s s  i n  r e l a t i v e  t o t a l  pressure between i n l e t  and any point ,  l b / f t 2  
i n t e r s e c t i o n  of quasi-orthogonal w i t h  boundary of Ylow passage 
4 
R 
r 
rb 
r C  
T 
t 
t e  
V 
W 
w 
Z 
a 
P 
Y 
e 
A 
P 
Lu 
gas constant,  ft-lb/slug-'R 
radius  from ax i s  of ro t a t ion ,  f t  
rad ius  where mean stream surface i s  assumed t o  deviate  from mean blade 
shape i n  radial-f low turb ine  
rad ius  of curvature of meridional streamline,  f t  
temperature, OR 
time, sec 
blade thickness i n  t h e  circumferent ia l  d i r ec t ion ,  f t  
absolute f l u i d  ve loc i ty ,  f t / s e c  
r e l a t i v e  f l u i d  ve loc i ty ,  f t / s e c  
mass flow between two stream surfaces, slug/sec 
axial coordinate, f t  
angle between meridional streamline and z a x i s ,  radians 
angle between r e l a t i v e  ue loc i ty  vector and meridional plane,  rad ians  
r a t i o  of spec i f i c  hea ts  
r e l a t i v e  angular coordinate about t he  a x i s  of r o t a t i o n ,  rad ians  
prerotat ion r iVe, i ,  sq f t / s e c  
mass density,  slug/cu f t  
ro t a t iona l  speed, radians/sec 
Subscripts:  
i i n l e t  
m component i s  d i r ec t ion  of meridional s t reamline,  see Fig. 2 
n component normal t o  quasi-orthogonal and An 
r radial component 
z a x i a l  component 
8 t angent ia l  component 
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Superscripts:  
' absolute s tagnat ion conditions 
r e l a t i v e  stagnation conditions 1 1  
BASIC ASSUMPTIONS A.ND PROCEDURF: 
The bas ic  assumptions are t h a t  there i s  steady r e l a t i v e  flow, and t h a t  
the f l u i d  i s  nonviscous and isentropic .  To t h i s  a correct ion f o r  losses  is  
made by assuming a loss i n  r e l a t i v e  t o t a l  pressure varying f ron  zero at the  
i n l e t  t o  a maximum a t  t h e  o u t l e t  of t h e  blade passage. 
ing an  approximate so lu t ion  t o  a three-dimensional f l u i d  flow problem i s  con- 
s iderably s implif ied if  c e r t a i n  assumptions are made so t h a t  t h e  problem can 
be reduced t o  the so lu t ion  of a series of  two-dimensional problems on hub-to- 
shroud and blade-to-blade stream surfaces, as i l l u s t r a t e d  i n  Fig. 1. The method 
used here in  f o r  obtaining a streamline solut ion on any stream surface,  whether 
hub-to-shroud or blade-to-blade, i s  e s s e n t i a l l y  t h e  same and w i l l  be here inaf te r  
ca l led  t h e  QO Method. 
The problem of obtain- 
The i n i t i a l  assumption used here is  t h a t  the  mean surface between the  blade 
i s  a stream surface.  With t h i s  assumption, a two-dimensionalmeridional plane 
so lu t ion  i s  obtained by the  QO Method. This so lu t ion  defines a blade-to-blade 
surface f o r  each meridional streamline, and then solut ions a r e  obtained on these 
surfaces by the  QO Method, giving a veloci ty  d i s t r i b u t i o n  throughout t h e  passage. 
EQUATIONS FOR SWAM SURFACE ANALYSIS 
If a stream surface (hub-to-shroud, blade-to-blade, or other )  i s  known o r  
.. 
assumed, together  with the streamline spacing normal t o  t h e  stream surface,  the  
problem has been reduced t o  a two dimensional problem. 
method of solving t h i s  two dimensional problem f o r  f a i r l y  general cases. 
Presented here i s  a 
The 
6 
key t o  t h e  method i s  an  equation f o r  t he  d i r ec t iona l  der iva t ive  of t h e  r e l a t i v e  
ve loc i ty  W, which can be derived from filer’s equation f o r  a nonviscous f l u i d  
i n  a r o t a t i n g  coordinate system: 
7 
at  P 
J 
Here t h e  usual convention i s  used t h a t  
df (r ,e , z , t ) - df (r ( t ) , e( t ) , z( t ) , t) - 
d t  a t  
where r ( t ) , @ ( t ) , z ( t )  are t h e  parametric equations f o r  t h e  motion of a mass 
p a r t i c l e  as a funct ion of time. The coordinate system i s  shown i n  Fig. 2. 
I f  we multiply Eq. (1) by W r ,  We, and Wz,  r espec t ive ly ,  then  add and 
combine terms, we get  t h e  energy equation 
With t h e  assumption of steady i sen t ropic  flow, so t h a t  1. %? = 
p a t  E’ 
Eq. ( 2 )  can be in tegra ted  along a streamline from the  i n l e t  t o  obtain 
W2 - W: = uz(r2 - r:) - 2(h - hi) 
Now, use t h e  f ac t  t h a t  
v 2 = w  2 + 2 ~ w - u r  2 2  
t o  get 
(3) 
( 4 )  
(5) 
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Subs t i tu t ing  t h i s  i n  Eq. (3) gives 
i Le t  q denote t h e  dis tance along an a r b i t r a r y  curve. With the  assumption 
I 
of i sen t ropic  flow, so t h a t  1: 9 = GJ Eq. ( 6 )  can be d i f f e ren t i a t ed  t o  obta in  
P dq a.9 
Also the  d i r ec t iona l  der iva t ive  of t h e  pressure along t h i s  curve i s  
Evaluating the  p a r t i a l  der ivat ives  of t he  pressure i n  t h i s  equation by 
using Eq. (l), subs t i t u t ing  t h i s  i n  Eq(7), and solving fo r  -, dW gives 
dq 
Note t h a t  
Wr = $ s i n  a 
wz = wm cos a 
wm = w cos p 
We = W s i n  p 
and t h a t  - .  
. .  
da - da dm - wm - _ - - _ -  
d t  dm d t  rc 
This can be used i n  evaluat ing the  der ivat ives  on t h e  r i g h t  s ide  of Eq. (9 )  
When t h i s  i s  done, we have 
I 
8 
where 
sin cos 2 p dwm b = -  + cos a cos p -
r C  dm 
J 
I n  equation (10) the  values of the parameters h; and A associated with a 
point  ins ide  the ro to r  i s  the  value of t h a t  parameter a t  t h e  i n l e t  f o r  t he  
streamline which passes through t h e  point.  Then dhi/dq r e f e r s  t o  t h e  t o t a l  
enthalpy a t  the i n l e t  as a funct ion of the  dis tance along the  a r b i t r a r y  curve 
q at the  point considered. Further details of the  der iva t ion  of Eq. (10) are 
given i n  [ 71. 
For checking cont inui ty  of f l o w ,  it i s  necessary t o  ca lcu la te  t he  densi ty .  
Losses can be approximated by assuming a loss  i n  r e l a t i v e  t o t a l  pressure Ap". 
where 
and 
Weight f low across a quasi-orthogonal can now be camputed by 
PWn Qndq 
. -  
. .  
9 
where An i s  t h e  dis tance between two stream surfaces  on e i t h e r  side of t he  
stream surface being analyzed, w i s  t h e  weight flow between these  surfaces  
per blade,  and Wn i s  the  component of W normal t o  t h e  surface defined by 
t h e  quasi-orthogonal and t h e  d i r ec t ion  i n  which An i s  measured. The l i m i t s  
qo and q1 a r e  t h e  in t e r sec t ion  of the  quasi-orthogonal with t h e  boundary of 
t h e  flow passage. The flow area considered is  indicated i n  Fig. 1. 
NUMERICAL TECHNIQUES AND PROCEDURE 
The procedure f o r  u t i l i z i n g  Eq. (10)  t o  obtain a so lu t ion  on a prescr ibed 
stream surface i s  t o  estimate t h e  parameters i n  Eq. (11) so that Eq. (10) can 
be in tegra ted  with t h e  condition t h a t  the cont inui ty  Eq. (15) be satisfied. 
each quasi-orthogonal t h i s  determines a weight flow d i s t r ibu t ion ,  which can be 
used t o  obta in  an improved streamline pat tern.  This leads t o  a b e t t e r  estimate 
of t h e  parameters i n  Eq. til), and by i t e r a t i o n  a flow d i s t r i b u t i o n  is  obtained 
A t  
on t h e  stream surface.  
Calculation of Parameters i n  Equation (10) 
The f i rs t  s t e p  i n  t h e  numerical in tegra t ion  of equation (10) i s  the  
“m dwe numerical evaluat ion of t h e  parameters a, p, rc, -, and - f o r  use i n  
h q .  (11). I n  oraer t o  evaluate the parameters a, p, and rc, a streamline 
dm dm 
geometry must be establ ished.  
spec i f i ed  on t h e  assumed stream siirfaces, a t  severa l  s t a t i o n s  from i n l e t  t o  
o u t l e t  { f o r  e i t h e r  a hub-to-shroud o r  a blade-to-blade stream s i r f a c e ) .  
l i n e s  are t h e  quasi-orthogona,ls along which Eq. (10) w i l l  be integrated.  
an i n i t i a l  approximation t o  the  streamlines, each quasi-orthogonal can be 
divided i n t o  a number of equal spaces. 
l i n e  assumptions a re  shown i n  Fig. 3 for a hub-to-shroud stream surface of a radial 
For t h i s ,  f ixed  l i n e s  between flow boundaries a re  
These 
For 
The qraasi-orthogonals and i n i t i a l  stream- 
10 
i n l e t  gas turbine.  The success of the method i s  based on t h e  f a c t  that, for 
e reasonable assumed streamline pa t te rn ,  the  geometrical streamline parameters 
involved a r e  not t o o  d i f f e r e n t  from those &t.he f i n a l  solut ion.  
Along each assumed streamline we have r as a function of z a t  a number 
d2r 
d z  dz2 
of points.  It i s  desired t o  approximate dr and - from these values. For 
any functions given a t  d i s c r e t e  points  only, there  a r e  several  ways a curve Can 
be f i t t e d  through these values so as t o  approximate the o r i g i n a l  functions.  A 
convenient method t h a t  has received much a t t e n t i o n  l a t e l y  i s  the  piecewise cubic, 
w i t h  matching f i r s t  and second der ivat ives ,  usual ly  re fer red  t o  as a cubic sp l ine  
function. Since for s m a l l  slopes, the  second der iva t ive  approximates t h e  curvature 
of a function, the  s t r a i n  energy of a spl ine can be approximately minimized by 
minimizing / ( f" (x) )  dx, where f ( x )  denotes the  curve described by t h e  
spl ine.  The cubic spl ine has t h i s  property, as i s  proven i n  [ 9 ] .  Thus the  cubic 
spl ine i s  the  mathematical expression of the shape taken by an  ideal ized sp l ine  
passing through t h e  given points.  I n  [ 9 ]  a simple procedure i s  out l ined f o r  
determining the sp l ine  f i t  curve when t h e  coordinates of the points  a r e  given 
together w i t h  two a r b i t r a r y  end conditions. One end condition tha t  w a s  used was 
t h a t  the  second der ivat ive a t  an end point i s  one ha l f  t h e  second der iva t ive  at  
the next point. This i s  equivalent t o  bending the  sp l ine  s l i g h t l y  beyond t h e  
last  point ,  instead of j u s t  l e t t i n g  it be s t r a i g h t .  An a l t e r n a t e  end condition 
i s  the  slope at an  end point .  The cubic sp l ine  funct ion provided a simple 
a n a l y t i c a l  method of determining many of the  parameters i n  t h e  equations. The 
cubic spl ine was used t o  determine f irst  and second der iva t ives ,  curvature,  
interpolated function values, interpolated der iva t ives ,  and f o r  in tegra t ion .  
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One fur ther  point concerning t h e  spl ine f i t  should be mentioned; t h a t  i s ,  
the approximation t o  an a c t u a l  spl ine curve i s  dependent on the  slope not being 
too  large.  Experimentally, good r e s u l t s  a r e  obtained i f  t h e  absolute value of 
the  slope i s  not grea te r  than one. I n  applying t h i s  method t o  streamlines on a 
r a d i a l  turbine,  there  i s  a problem since t h e  angle may be around -90' a t  t h e  
inlet .  This i s  e a s i l y  overcome by r o t a t i n g  the  coordinate axes 45' so t h a t  t h e  
maximum slope i s  about one. 
After - dr and - d2r have been determined, a and - 1 a r e  given by 
dz  dz2 1°C 
1dr a = tan- -
dz 
The curvature r a t h e r  than the  rad ius  of curvature i s  computed t o  avoid 
d iv is ion  by zero i n  case 
2 dr = 0. 
d z  
2 
The next quant i ty  t o  be calculated i s  p. Since 8 i s  known a t  each 
quasi-orthogonal along a streamline, iiie ci-ibic spl ine can be cred ten a p p o x i -  
mate =. de The angle p i s  then calculated from 
_ .  For an i n i t i a l  calculat ion,  W may be assumed constant throughout t h e  
and - dwm r o t o r .  Since Wrn = W cos p and Wg = W s i n  p, t h e  quant i t ies  -
.. dm dm 
can now be approximated using t h e  cubic spl ine.  Now a l l  quant i t ies  necessary 
for t h e  in tegra t ion  of Eq. (10) are determined. 
awe 
I 12 
In tegra t ion  of Equation (10) 
Given an i n i t i a l  value of 
means of a Runge-Kutta method. 
method. Since t h e  i n i t i a l  value is  not known, a guess of some kind must be 
made. This r e s u l t s  i n  the  ve loc i ty  d i s t r i b u t i o n  along the quasi-orthogonal. 
Equations ( 1 2 )  t o  ( 1 4 )  can be used t o  compute t h e  integrand i n  Eq. (15), which 
can then be numerically in tegra ted  using t h e  cubic sp l ine  approximation. 
computed t o t a l  weight flow i s  then compared with the  a c t u a l  weight flow. 
the  computed weight flow i s  too  small, t he  i n i t i a l  ve loc i ty  i s  increased, and 
vice versa.  
A few i t e r a t i o n s  w i l l  determine t h e  i n i t i a l  ve loc i ty  that w i l l  give t h e  cor rec t  
weight flow. 
W, Eq. (10) can be accurately in tegra ted  by 
Reference [71 gives fu r the r  d e t a i l s  on t h e  
The 
If 
Then the  ve loc i ty  d i s t r i b u t i o n  and the  weight flow a r e  reca lcu la ted .  
Calculation of Improved Streamlines 
From Eq. (15) t h e  weight flow d i s t r i b u t i o n  along t h e  quasi-orthogonal can 
also be obtained. 
approximation) can be used t o  determine t h e  streamline spacing t h a t  w i l l  give 
equal weight flow between any two adjacent s t reamlines  (see Fig.  4) .  When t h i s  
i s  done f o r  every quasi-orthogonal from i n l e t  t o  o u t l e t ,  a new est imate  fo r  t h e  
streamline pa t te rn  i s  obtained. 
fu r the r  i t e r a t i o n s  the  procedure does not converge due t o  t h e  f a c t  t h a t  t h e  
s t reamlines  become rough and uneven. 
Along any quasi-orthogonal, inverse in t e rpo la t ion  (by a sp l ine  
However, if t h i s  streamline p a t t e r n  i s  used for  
This may be avoided by using only a f rac t ion  
of the calculated streamline correct ions,  perhaps one-tenth o r  less. With t h i s ,  
t he  streamlines remain smooth, and a so lu t ion  i s  reached i n  a s ingle  computer *. 
run. 
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A Quasi-Three-Dimensional Solution 
The procedure described gives a solut ion f o r  any known stream surface.  
Since the  stream surfaces  a re  not knownthey must be approximated. 
reason a t r u e  three-dimensional solut ion i s  not obtained, but only what i s  
For t h i s  
usua l ly  r e fe r r ed  t o  as a quasi-three-dimensional solut ion.  
t h a t  can be used i s  as follows. Assume t h a t  t he  mean hub-to-shroud stream 
surface has the  same shape as t h e  mean blade surface.  A deviat ion from t h i s  
may be spec i f ied  near the i n l e t  i f  there  i s  an  incidence angle. For this  
to. With these  i n i t i a l  approximation, An i n  Eq. (15) i s  equal t o  - - 
assumptions the  QO Method i s  used t o  obtain a meridional solut ion.  The 
streamlines obtained fram t h i s  solut ion are used t o  define surfaces  of 
revolu t ion  from blade-to-blade, with 
blade surfaces  determined by the streamline spacing i n  t h e  meridional solut ion.  
A separate  blade-to-blade so lu t ion  could be obtained f o r  each streamline; 
however, i n  most cases three  blade-to-blade solut ions would be adequate, one 
a t  t h e  hub, one a t  t h e  mean streamline between hub and shroud, and one a t  the  
shroud. 
Further d e t a i l s  of t he  procedure outlined above a r e  given i n  [ 7  and 8 j .  
The so lu t ion  could be re f ined  by using t h e  blade-to-blade so lu t ion  t o  
obta in  a b e t t e r  approximation t o  several  hub-to-shroud stream surfaces ,  con- 
t i nu ing  u n t i l  the hub-to-shroud and blade-to-blade so lu t ions  were completely 
cons is ten t .  This has not been done. 
One procedure 
2fir 
n 
An ( i n  Eq. (15)) fo r  these  blade-to- 
This gives a r e l a t i v e  ve loc i ty  d i s t r i b u t i o n  throughout t h e  passage. 
NUMERICAL EXAMPLF: 
The method out l ined has been applied t o  the  ana lys i s  of a s m a l l  radial 
flow turb ine .  The ca lcu la t ions  were made on a d i g i t a l  computer. The hub-shroud 
14 
Total number of blades 
Number of s p l i t t e r  blades 
p r o f i l e  and quasi-orthogonals i n  t h e  meridional plane a r e  shown i n  Fig. 3, 
together  with t h e  equal ly  spaced streamlines used f o r  t he  i n i t i a l  assumption. 
The blade has radial elements, except near t h e  t r a i l i n g  edge of t h e  s p l i t t e r  
blade, where t h e  t ape r  i s  not t h e  same on both s ides  of t he  blade.  The 
per t inent  data f o r  t he  case analyzed i s  given i n  the  following t ab le .  
22 
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DATA FOR NUMERICAL EXAMPLE 
Rotational speed, r.p.m. 
Fluid 
38 500 
Argon 
I Tip rad ius ,  ri, in .  I 3.01 I 
Weight flow, lb/sec 
I n l e t  t o t a l  temperature T i ,  OR 
Absolute t angen t i a l  ve loc i ty  a t  i n l e t ,  V Q , i ,  f t / s e c  
I n l e t  r e l a t i v e  flow angle,  p i ,  degrees 
.611 
1950 
883 
-25.1 
and o u t l e t ,  Ap", p s i  (Assumed t o  vary l i n e a r l y  
along streamline. ) 
I n l e t  t o t a l  pressure,  p-!, p s i a  I 12.97 
I 
Loss of r e l a t i v e  t o t a l  pressure between i n l e t  I .25 
The normal blade thickness  was  given by means of tabula ted  values on a gr id .  
Blade thickness a t  any given point w a s  obtained by l i n e a r  in te rpola t ion .  It 
was assumed tha t  h i  and A were constant across  t h e  i n l e t .  
A t  the i n l e t ,  t h e  hub-shroud stream surface w a s  assumed t o  devia te  from 
the  blade surface i n  order t o  agree with t h e  flow d i r e c t i o n  coming i n t o  t h e  
15 
. 
ro to r .  Let rb  denote t h e  radius  where t h e  mean stream surface i s  assumed t o  
deviate  from the  mean blade shape. 
equation f o r  determining 
Equation (13) of [SI gives an  approximate 
rb, which may be wr i t t en  as follows: 
( 1 9 )  -0.71 A0 rb  = r ie  
The stream surface was assumed t o  vary cubical ly  with r between r b  and ri. 
The first s t e p  i n  the  so lu t ion  i s  t o  obta in  a meridional plane solut ion.  
This so lu t ion  was extended downstream of t h e  blades,  by assuming a stream 
surface extending downstream from the  blades a t  an angle determined by the  
blade angle corrected for blockage. Twenty meridional streamlines were ca lcu la ted  
by t h e  QO Method. The meridional streamline p a t t e r n  obtained a t  hub, mean, and 
shroud i s  shown i n  Fig. 5. This gives the coordinates for  a blade-to-blade 
surface a t  the  mean meridional streamline, as well  as t h e  streamline spacing 
on t h e  quasi-orthogonals at hub, mean, and shroud. 
streamline spacing and t h e  blade coordinates were ca lcu la ted  a t  each of t h e  three 
surfaces ,  and three blade-to-blade solut ions were obtained by the QO Method. 
The three blade-to-blade solut ions were extended upstream of the i n l e t ,  because 
of nonuniform conditions a t  the  i n l e t .  The so lu t ion  gives the  6 and m 
coordinates of the  blade-to-blade streamlines,  which are  plotted i: Fig. Si 
The complete quasi-three-dimensional solut ion was obtained i n  a s ingle  computer 
run, t ak ing  6 minutes on the  IBM 7094 computer. 
With t h i s ,  t h e  normal 
Figure 7 shows t h e  blade loading on main and s p l i t t e r  blades a t  hub, mean, 
and shroud. The v e l o c i t i e s  a re  increasing over most of t h e  blade. However, 
t h e r e  i s  a la rge  negative ve loc i ty  gradient on t h e  pressure surface a t  t h e  i n l e t  
near t h e  hub. It i s  even more severe a t  t h e  end of t he  s p l i t t e r  blade near t h e  
shroud. This ind ica t e s  t he  s p l i t t e r  should be extended fu r the r  from the  aero- 
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dynamics point of view. 
a t  t h e  hub, and s t r e s s  consideration may not permit making t h e  s p l i t t e r  extend 
beyond t h e  point where it ends on t h e  hub. 
d i s t r ibu t ion  on t h e  s t a t iona ry  shroud. 
gradients .  O f  course, a negative ve loc i ty  gradient cannot be eliminated 
e n t i r e l y  with the  leaving absolute  ve loc i ty  lower than the i n l e t  ve loc i ty ,  
although it can be minimized by ca re fu l  design. 
near ly  l i nea r  d i s t r i b u t i o n  i s  about t he  best possible  f o r  avoiding flow separa- 
t i o n ,  under these circumstances. However, along the  shroud the re  i s  an  increase,  
and then a greater  decrease i n  a shor te r  dis tance.  It is d i f f i c u l t  t o  avoid 
something l i ke  t h i s  if  there  i s  t o  be any loading of t h e  blades at the  shroud. 
However, t he  s p l i t t e r  i s  already longer than needed 
t 
Figure 8 shows t h e  absolute ve loc i ty  
Here, there  a r e  la rge  negative ve loc i ty  
On the pressure surface t h e  
This type of ana lys i s  could be very usefu l  as a design t o o l ,  s ince it 
poin ts  up the  loca t ion  of possible  flow separat ion.  
i n  t h e  geometry t o  improve on the ve loc i ty  d i s t r i b u t i o n s  u n t i l  a good design 
i s  evolved. 
Modifications can be made 
CONCLUDING REMARKS 
A method of  ana lys i s  of turbomachines i s  summarized t h a t  i s  su i t ab le  for 
computer programing. The method, which has been reported i n  references 7 and 8, 
is  based on a streamline a n a l y i s i s  of a stream surface using quasi-or thogomls.  
A quasi-three-dimensional so lu t ion  can be obtained by using t h e  method f i r s t  for 
a hub-to-shroud ana lys i s  
shroud. 
s p l i t t e r  blades. 
a s ingle  computer run. 
example may be obtained from t h e  author by anyone who i s  in t e re s t ed  i n  using t h e  
method. 
followed by blade-to-blade analyses a t  hub, mean, and 
A s  a n  example, t h e  method was appl ied t o  a r a d i a l  inflow turb ine  with 
The complete quasi-three-dimensional so lu t ion  w a s  obtained i n  
The FORTRAN computer program used f o r  t he  numerical 
17 
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(a) Hub-to-shroud. 
(b l  Blade-to-blade. 
Figure I .  -Typical stream surfaces. 
Figure 2. - Coordinate system and velocity components. 
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Figure 3. - Hub-shroud profile of rotor in numerical example. 
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-0- Obtained by inverse 
--0-- Computed from eq. 1151 
interpolation 
Distance along quasi-orthogonal from hub, q, ft 
Figure 4. - Weight flow distribution along quasi- 
orthogonal. 
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"shroud 
Figure 5. - Hub-shroud profile with streamlines used for blade-to-blade analysis. 
(a) Hub. 
(c) Shroud. 
Figure 6. - Blade-to-blade streamline pattern. 
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(c) Shroud. 
Figure 7. - Blade velocity distribution for numerical example. 
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Figure 8. - Shroud absolute velocity distribution for numerical 
example. 
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